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Abstract The nature of black holes is one of the most exciting issues in gravitational physics. If there is an exotic compact object
as compact as a black hole but without a horizon, gravitational wave echoes may be produced after the merger. In this work, we
show that for extreme-mass-ratio binaries, even during the inspiraling phase of compact binary coalescence, the existence of the
hard surface of the exotic compact object will produce detectable signals on the gravitational waves. We predict that once the
LIGO-Virgo-KAGRA, Einstein Telescope, or Cosmic Explorer detect such kinds of sources, our model shows that one can constrain
the properties of surfaces of the compact objects in inspiraling stage better than the current level.

1 Introduction

The updated gravitational wave (GW) catalog shows that more than 90 GW events have been detected by LIGO-Virgo-KAGRA
(LVK). Most of these events are inferred as binary black holes or black hole—neutron star mergers [1]. These observations give us
a unique opportunity to test the nature of black holes, especially the horizon which is a key task in GW astronomy [2, 3].

Exotic compact objects (ECOs) are black hole-like but horizonless compact objects other than neutron stars. The candidates of
ECOs could be abundant, such as fluid star, gravastar, bubble, fuzzball, and superspinars [4, 5]. These ECOs are black holes-like but
without horizons, replaced by surfaces very close to the horizons of the corresponding black holes. The surface locates at the Planck
scale outside of the horizon, and new physics may hide. The radius of surface of ECO is r0 � (1 + ε)(M +

√
M2 − a2), where a is

the Kerr parameter. While ε � 0, we go back to a black hole. For neutron stars, ε ∼ O (1). For ECOs, we expect that r0 − rh is of
the order of the Planck length lP , in such case ε ∼ 10−40 or even smaller. Assuming ε � 1, one can test the BH paradigm in an
agnostic way, or for testing the effects of quantum gravity [5].

For black holes, the effective potential will reduce to zero after the light ring. However, for a horizonless compact object, due to the
hard surface, there are potential well supports for quasi-trapped, long-lived modes, which are called gravitational wave echoes [6].
Theoretically, people discussed the physical mechanism of echoes from ECOs [7–9]. Some of us calculated echoes from Kerr-like
ECOs using the Teukolsky equation with reflecting boundary [10]. A few pieces of literature have tried to find echoes from the
LIGO data and give the parameter estimations on ECOs [11–15].

All these attempts are searching the echoes directly after ringdown to constrain the existence of ECOs. From Fig. 1, one can see
that the echo signal is much weaker than the inspiral-merger-ringdown one. Therefore, it is difficult to constrain or detect echoes.
However, due to the reflection property of the surface of ECO, the energy flux of gravitational radiation involving an ECO is different
from the case of a black hole. This will induce a dephasing of GWs during the inspiral stage and potentially can be detected. Naively,
we can expect that a longer inspiral signal makes distinguishing between a black hole and an ECO easier. The long inspiral asks for a
large mass ratio ν. Datta et al. [16] considered this effect of the extreme-mass-ratio inspirals (EMRIs) and concluded that it could be
detected by EMRIs, i.e., using space detectors. In the present work, we investigate the extreme-mass-ratio binaries (EMRBs) which
are composed of a light black hole (a few solar masses), a neutron star (NS), or even a primordial black hole (PBH), and a much
massive black hole (MBH, from a few tens to more than 100 solar masses), and it can be used to detect this effect by LVK events.
The LVK has already detected events with a mass ratio of 1:26 (GW191219_163120 [17]), and O4 maybe detect more EMRBs with
larger mass ratios.
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Fig. 1 The scaled amplitudes (μ is
the reduced mass of the system
and R is the distance) of the
frequency domain signals h̃( f ).
The blue solid line is the inspiral
waveform and the orange solid
line is the echo

Fig. 2 Characteristic strains of
four EMRBs composed by
massive black holes (140 or 60
solar masses) and neutron stars
(1.4 M�) or primordial black
holes (0.6 M�), the sources are
located at 100 Mpc from the Earth.
The PSDs of the GW150914 event
here are only for demonstration
purposes, and the PSDs used for
all the analytical calculations in
this paper are the updated
advanced LIGO sensitivity design
curve LIGO-T180004

We will see that for the EMRB with a mass ratio of 60:1, the influence of the quantum surface of ECO on the energy flux will
induce detectable dephasing on the inspiral signal. LVK has found several events with an obvious asymmetric mass ratio. GW190814
has two components with 23 and 2.6 solar masses; GW200210_092254 is composed of 24 and 2.8 solar mass objects. Especially,
GW191219_163120 has the largest mass-ratio until now, 31: 1.2. In the coming O4 run of LIGO-Virgo-KAGRA, it is possible to
detect more large mass-ratio binaries, i.e., EMRBs.

Up to now, LIGO-Virgo has detected the most massive black hole with 107 M� before the merger and the final mass of the remnant
black hole at 174 M� in GW170426_190642 event [1]. The lightest compact object (neutron star) is 1.2 M� in GW191219_163210.
It is worth expect LIGO-Virgo-KAGRA will detect extreme-mass-ratio binaries composed of a very heavy black hole and a light
compact object with a mass ratio typically larger than 20 in the future. This kind of source has enough signal-to-noise ratio (SNR)
for detections (Fig. 2), even the second small objects are neutron stars (NSs) with 1.4 M� or primordial black holes (PBHs) with
only 0.6 solar mass. In this work, we use 4 EMRBs: NS (1.4 solar mass) + 140 solar mass MBH/ECO (Sys 1), PBH (0.6 solar mass)
+ 140 solar mass MBH/ECO (Sys 2), neutron star + 60 solar mass MBH/ECO (Sys 3), and PBH + 60 solar mass MBH/ECO (Sys
4) to demonstrate the potential capability of LIGO-Virgo constraint on the ECOs. For calculating the gravitational waves from the
small compact objects inspiraling into the massive BHs or ECOs, especially the effects due to the hard surface of ECOs, we employ
the Teukolsky equation [18] to fulfill this task by introducing “reflectivity” of the ECO surface. Distinguishing from the previous
works of searching the direct echoes (i.e., the orange line in Fig. 1 )after ringdown signals, we focus on the influence of the surface
on the inspiraling part before the plunge (i.e., the blue line in Fig. 1 ). Note that all the waveforms we show are calculated based on
the Teukolsky equation with the spin weight s � −2.

This paper is organized as follows. In the next section, we introduce our numerical method for calculating the waveforms. The
energy flux and the result will be described in Sect. 4. Finally, we will conclude.
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2 Waveforms and orbital evolution

By using effective-one-body (EOB) dynamics and black hole perturbation theory, gravitational radiations from EMRBs have been
investigated for Schwarzschild in [19] and Kerr MBHs [20]. Later, the so-called ET codes of [20] were developed to use the
Teukolsky-based fluxes to source the EOB dynamics. Here, we use “ET” codes to calculate the waveforms. In the Teukolsky
equation, decomposing the Weyl curvature component ψ4 in a Fourier transformation:

ψ4 � 1

(r − ia cos θ )4

∫ +∞

−∞
dω

∑
lm

Rlmω(r ) −2S
aω
lm (θ )e−iωt+imφ (1)

with the radial function Rlmω and the spin-weighted spheroidal harmonics −2Saω
lm , the radial master equation of the Teukolsky

equation is

Δ2 d

dr

(
1

Δ

dRlmω

dr

)
− V (r )Rlmω � −Tlmω(r ), (2)

where Δ � r2 − 2Mr + a2, Rlmω is the radial function, Tlmω(r ) is the source term, which is decided by the energy-momentum
tensor of the perturber, and V (r) is potential.

We use Green’s function theory to obtain a general solution to the Teukolsky equation [22], which first requires solving its
homogeneous equation. The homogeneous solution has two types of asymptotic behaviors which are purely incoming at the horizon
and purely outgoing at infinity:

RH
lmω � Bhole

lmωΔ2e−i pmωr∗
, r → r+; RH

lmω � r3Bout
lmωe

iωr∗
+ r−1Bin

lmωe
−iωr∗

, r → ∞ (3)

and

R∞
lmω � Dout

lmωe
ipmωr∗

+ Δ2Din
lmωe

−i pmωr∗
, r → r+; R∞

lmω � r3D∞
lmωe

iωr∗
, r → ∞ (4)

For solving the homogeneous equation, we need to integrate the equation over a long distance starting from a purely ingoing pulse
of radiation at the event horizon, and the coefficient B in

lmω is not available numerically due to the presence of a long-ranged potential.
Sasaki and Nakamura transformed the Teukolsky equation concerning Rlmω to the Sasaki-Nakamura equation [21] concerning Xlmω.
The potential of the Sasaki-Nakamura equation is short-ranged, so the equation can be computed numerically:

d2Xlmω

dr∗2 − F(r )
dXlmω

dr∗ −U (r )Xlmω � 0 , (5)

where r∗ is the tortoise coordinate, F(r) and U(r) are the potentials of the Sasaki-Nakamura equation. The transform rlue from the
Sasaki-Nakamura function to the Teukolsky function:

Rlmω � 1

η

[(
α +

β,r

Δ

)
Xlmω − β

Δ
Xlmω,r

]
(6)

the functions α, β, η and the potentials F(r), U(r) can be found in [22]. Note that the expression for η given in [22] is an expansion
over 1/r, which fails to recover reasonable results when r goes to the horizon (because η has to diverge as Δ2 when r → r+). Original
expression for η is given in Eq. (2.8c) of Sasaki-Nakamura’s original article [21]:

η � α

(
α +

dβ/dr

Δ

)
− β

Δ

(
dα

dr
+

βV (r )

Δ2

)
(7)

The Sasaki-Nakamura equation admits two homogeneous solutions having purely sinuous asymptotic behavior due to the short
ranges of potential U(r):

XH
lmω � Ahole

lmωe
−i pr∗, r → r+; XH

lmω � Aout
lmωe

iωr∗ + Ain
lmωe

−iωr∗, r → ∞ (8)

and

X∞
lmω � Cout

lmωe
ipr∗ + C in

lmωe
−i pr∗, r → r+; X∞

lmω � C∞
lmωe

iωr∗, r → ∞, (9)

where p � ω−ma/2Mr+. Now, an ECO has a reflecting boundary at r0 where is very near the position of horizon r+, i.e., r0 � r+ +ε,
and ε � 1 [5]. Here, we assume r0 is a constant. The solution reflected by the boundary is the combination of XH and X∞

X ref
lmω � KX∞

lmω + XH
lmω (10)

which satisfies the reflecting boundary condition at the surface r0 � r+ + ε with reflectivity R̃

X ref ∝ e−i p(r∗−r0∗) + R̃eip(r∗−r0∗), r∗ → r0 ∗ . (11)
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Taking the asymptotic behavior of XH , ∞
lmω in Eq. (8, 9) into the above boundary condition, one can find K:

K � R̃e−2i pr0∗TBH
1 − R̃e−2i pr0∗RBH

with TBH ≡ C∞

Cout , RBH ≡ C in

Cout . (12)

Finally, the GW waveform from a small object inspiraling an ECO is

hECO
+ (R, θ , φ, t) − ihECO× (R, θ , φ, t)

� 2

R

∑
lm

1

ω2

(
ZH
lmω + K

D∞
lmω

Bhole
lmω

Z∞
lmω

)
−2S

aω
lm (θ )ei[mφ−ωm (t−r∗)]. (13)

where ZH , ∞
lmω is given in Eq.(4.10) of [22]. The energy flux of gravitational radiation is decomposed by two parts Ė � Ė∞ + ĖH

(here the dot means d/dt), i.e., the flux goes to the infinity and down to the horizon where the infinity flux is written as

Ė∞ �
∑
l,m

|ZH
lmω + K D∞

lmω

Bhole
lmω

Z∞
lmω|2

4πω2 , (14)

and the horizon one is

ĖH �
∑
l,m

αlmω

∣∣∣T Z∞
(

1 + K Din

Bhole

)∣∣∣2

4πω2 . (15)

Note the αlmω here is not same as the α in the Eq. (7). The transmissivity T has a relation with reflection factor: T 2 + R̃2 � 1. The
relation between asymptotic amplitudes of Sasaki-Nakamura functions and Teukolsky functions [23]:

Bin
lmω � − 1

4ω2 A
in
lmω, Bhole

lmω � − 1

dlmω

Ahole
lmω (16)

Din
lmω � − 1

dlmω

C in
lmω, D∞

lmω � −4ω2

c0
C∞
lmω (17)

The coefficients c0, dlmω and αlmω can be found in [22]. Naturally, if we set R̃ � 0, all the results go back to the familiar equations
of black holes.

3 Energy fluxes

Firstly, due to the existence of a hard surface, the total energy fluxes will be slightly different from the case of a black hole. How to
calculate the energy fluxes is expressed in Eqs. (14, 15). If we choose K � 0, i.e., R̃ � 0, then the energy fluxes will go back to the
case of a black hole. The difference of total energy fluxes between ECO and BH cases depends on the orbital radius r or equivalent
the orbital frequency ωorb, reflectivity factor R̃ � 0, the location of the hard surface r0 and also the spin of the central body a.

Figure 3 shows the relative differences of energy fluxes ΔĖ/Ė between ECO and BH when one changes the orbital frequency
and the location of the ECO surface. We can see that ΔĖ/Ė have a clear power-law with the orbital frequency when the frequency
is not large. This phenomenon has been revealed by the post-Newtonian approximation [24]. In the right panel of this figure, we can
find that when a � 0.3, the difference in energy fluxes is almost zero, this is due to the orbital frequency being almost equal to the
horizon frequency of the central body. This will be discussed later.

Now, let’s see how the differences in energy fluxes vary with different spins. In Fig. 4, for different phases of reflectivity factors,
the magnitude, and oscillation are different. Very interestingly, all the lines are gathered at zero for a special spin value. We find that
at this spin value, the frequency of the BH horizon or the quantum surface of ECO equals the orbital frequency.

We can look at the details of how the energy fluxes vary with the phase of reflectivity factor, see Fig. 5. In this figure, each quadrant
corresponds to a different boundary position (see the caption in Fig. 5 for details). Within each quadrant, the radius represents the
absolute value of the reflectivity R̃, and the angle reflects the ratio between the real part and imaginary one of R̃. For example, if
R̃ only has a real part, then the angle with the horizontal line is 0, and if this angle is 90◦, means the reflectivity only has imaginary
part. So this angle is just the argument of R̃ � |R̃|eiφ . These results indicate that not only the boundary position and magnitude of
reflectivity but also the phase (argument) can influence the energy fluxes. In the following discussion, we always only take R̃ as a
real number.

Figure 6 shows the relative differences of energy fluxes ΔĖ/Ė between ECO and BH when one changes the reflectivity factor
and orbital radii. We can clearly see that the magnitude of ΔĖ/Ė is at the order of 10−3–10−2. For comparable mass-ratio binaries,
this error is too small to produce an observable effect in the LIGO band. However, if the mass ratio becomes smaller, for example
down to 10−2, this flux error should produce enough dephasing because of the much more cycles before the merger and may induce
a failure of detection.
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Fig. 3 Relative differences of energy fluxes ΔĖ/Ė between ECO and BH. Left panel: ΔĖ/Ė as a function with varied orbital frequency; right panel: ΔĖ/Ė
as a function with a varied surface location and the orbital radii are fixed to r � 6 M for different spins

Fig. 4 The differences of energy fluxes ΔĖ between ECO and BH. Left panel: ΔĖ as a function versus spin with a varied phase of reflectivity factors, and
the orbital frequency is fixed to the innermost-stable circular orbit (ISCO, r � 6M) one for nonspinning BH or ECO; right panel: The same with the left
panel but the orbital frequency is fixed to the one with orbital radii r � 8M for non-spinning BH or ECO

For investigating the effects on GWs from the hard surface of ECO, we use the energy fluxes (14,15) to evolve the orbits of
EMRBs in Fig. 2 and generate the waveforms by Eq. (7). In the left panel of Fig. 7, the waveform from an NS inspiraling into an
MBH and the one from an NS inspiraling into an ECO with R̃ � 0.9 are shown. One can see an obvious difference between the
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Fig. 5 Relative differences of energy fluxes ΔĖ/Ė between ECO and BH. Left panel: ΔĖ of a small object orbiting at radii 3 M around a BH or ECO with
spin 0.9 as a function versus varied phase of reflectivity factors, the location of ECO surface are −50, −30, −20 and −10 from top-right panel to bottom-right
panel counterclockwise; right panel: The same with the left panel but the orbital radii r � 6M

two waveforms. By using matched filtering technology, we can quantitatively give out the difference of two waveforms (ha(t) and
hb(t)), i.e., mismatch.

mismatch ≡ 1 − max
tc ,φc

(
< ha |hb >√

< ha |ha >< hb|hb >

)
, (18)

where < ha |hb > is the standard matched-filtering inner product between two waveforms and tc (φc) is the time (phase) of
coalescence,

< ha |hb >≡ 2
∫ ∞

0
d f

h̃∗
a( f )h̃b( f ) + h̃a( f )h̃∗

b( f )

Sn( f )
, (19)

where h̃ means the frequency-domain waveform and ∗ the complex conjugate. In the following analysis, the noise power spectral
density Sn( f ) is taken from the LIGO noise, here we use the updated advanced LIGO sensitivity design curve LIGO-T1800044. In
the right panel of Fig. 7, a mismatch of waveforms from BH and ECO with varied R̃ are shown. It demonstrates that once R̃ > 0.5,
the hard surface of ECO will induce a considerable mismatch on the waveforms and in principle can be detected from the GW data.

However, one may suspect that the effect of a hard surface on the energy fluxes can be mimicked by other physical parameters. The
mass-ratio and spin a can also change the energy fluxes and then the orbital evolution and waveforms. It means that the reflectivity
is possibly degenerate with other parameters and then cannot be recognized from the GW data. For checking this point, we match
the waveform of an EMRB 1.5 M� NS + 60 M� ECO with R̃ � 0.9 and a � 0.6, and a group of EMRBs with mass-ratio from
0.01 to 0.04 and spin of BH from 0.5 to 0.7. In Fig. 8, the match results show that the best match is the BH chooses the same spin
and mass-ratio of ECO. The best match is still less than 0.9, and for different spin and mass-ratio cases, one cannot find a waveform
from BH that can mimic the one from ECO. This may prove that the degeneracy of R̃ does not exist. In other words, if the compact
object is an ECO, we can recognize it from BH and find the no-horizon extremely compact object.

Furthermore, for estimating the measurement accuracy of the reflectivity factor and surface location by the EMRB signals, we
employ the Fisher matrix to do the parameter estimation. We use waveforms with the signal-to-noise ratio (SNR) is about 130. The
Fisher information matrix for a GW signal h parameterized by λ is given by [25]

Γi j �
〈

∂h

∂λi
| ∂h

∂λ j

〉
, (20)

where λ is the waveform parameters including R and r0∗. In the case of high SNR, the errors of parameters can be approximated as
the square root of the diagonal elements of the inverse of Γi j , i.e., Δλi ≈ √

(Γ −1)i i . We find that the reflectivity factor and surface

location can be measured to about Δλi/λi ∼ 1.3% and 1.5%, respectively. The corresponding likelihood is L(λ) ∝ e− 1
2 Γi jΔλiΔλ j

[25, 26] and is shown in Fig. 9. These results demonstrate that once LIGO can catch EMRB events, without observing the echo
signals, just from the inspiraling waveforms, one can constrain the properties of the surface of BHs with a positive accuracy.
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Fig. 6 Relative differences of energy fluxes ΔĖ/Ė between ECO and BH. Top-left panel: ΔĖ/Ė as a function with varied reflectivity R̃ when a � 0.9,
r∗
0 � −50 and r � 6M ; top-right panel: ΔĖ/Ė as a function with varied orbital radii when a � 0.5, r∗

0 � −50 and R̃ � 0.5; bottom panels: The same

with the top-right one but R̃ � 0.9, a � 0.5 and 0.9 for left and right one, respectively

Fig. 7 Left panel: gravitational waves of MBH and ECO’s EMRBs. The mass of the massive compact body (ECO or BH) is 140 M� and the small object is
1.4 M�, the spin of the massive body is 0.9, reflectivity is 0.9 and surface location r∗

0 � −50. Right panel: mismatch results of the two kinds of waveforms

while the reflectivity R̃ of the hard surface of ECO from 0 to 1
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Fig. 8 Match results between
ECO waveforms and a group of
BH waveforms with varied mass
ratio ν and spin a

Fig. 9 Likelihood of R and r∗
0

which are derived from the Fisher
matrix. The white dashed ellipse is
shown at 3σ

4 Conclusions

The nature of the extremely compact object is quite important in theoretical physics. Though black holes are very popular, the other
candidates like the firewall model are still living [5]. Due to the hard surface at the Plank scale near the corresponding position of
the BH horizon, there are a lot of predictions of GW echoes after the ringdown in the literature. In 2017, Abedi et al. claimed that
they had found tentative evidence of echoes at a combined 2.9σ significance level [27]. However, their result was questioned [28,
29]. Various teams have also proposed methods to estimate the parameters of the gravitational-wave echoes and to search for echoes
[11–15, 30, 31]. Until now, there are no more reports about finding echo signals.

In the present paper, we do not consider the direct echo signals; alternatively, we try to reveal the effect of the quantum surface
at the Planck scale outside of the horizon in the inspiraling stage of binary merger. Due to the existence of a quantum surface, the
energy fluxes and gravitational waveform are both modified. However, this modification is usually too small to be recognized in the
GW data from comparable mass-ratio binaries. Fortunately, if the mass ratio is smaller than 1:10, thanks to the longer inspiral, this
modification due to the possible hard surface may be extracted from the GW data. In the future, we expect to do some data analysis
for LVK events.
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By modifying the boundary condition of the Teukolsky equation, we numerically calculate the orbital evolution and waveforms
from a compact object (NS, BH, PBH) inspiraling a massive ECO. Our calculation shows that if the hard surface exists and its
reflectivity factor is large enough (>≈ 0.5), by matched-filtering technology, we may have a chance to study the nature of extremely
compact objects and answer if they are black holes or ECOs.
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